Abstract. In this paper, we focus our study on the ends of a locally conformally flat complete manifold with finite total Qcurvature. We prove that for such a manifold, the integral of the Q-curvature equals an integral multiple of a dimensional constant c n , where c n is the integral of the Q-curvature on the unit n-sphere. It provides further evidence that the Q-curvature on a locally conformally flat manifold controls geometry as the Gaussian curvature does in two dimension.
Introduction
The Q-curvature arises naturally as a conformal invariant associated to the Paneitz operator. When n = 4, the Paneitz operator is defined as:
where δ is the divergence, d is the differential, R is the scalar curvature of g, and Ric is the Ricci curvature tensor. The Branson's Q-curvature [Bra95] is defined as
where E is the traceless part of Ric, and | · | is taken with respect to the metric g. Under the conformal change g w = e 2w g 0 , the Paneitz operator transforms by P gw = e −4w P g 0 , and Q gw satisfies the fourth order equation
This is analogous to the transformation law satisfied by the Laplacian operator −∆ g and the Gaussian curvature K g on surfaces,
−∆ g 0 w + K g 0 = K gw e 2w .
1991 Mathematics Subject Classification. Primary 53A30; Secondary 53C21. The first author is partially supported by NSF grant DMS-1510232, and the econd author is partially supported by NSF grant DMS-1547878.
The invariance of Q-curvature in dimension 4 is due to the GaussBonnet-Chern formula for a closed manifold M:
where W denotes the Weyl tensor. Chang-Qing-Yang proved in [CQY00] the following theorem. Let (M 4 , g) = (R 4 , e 2w |dx| 2 ) be a noncompact complete conformally flat manifold with finite total Q-curvature, i.e. M 4 |Q g |dv g < ∞. If the metric is normal, i.e. where B j (r) denotes the Euclidean ball with radius r at the j-th end.
The theorem of Chang-Qing-Yang asserts that for 4-manifolds (in fact, their theorem is valid for all even dimensions) which is conformal to the Euclidean space, the integral of the Q-curvature controls the asymptotic isoperimetric ratio at the end of this complete manifold. This is analogous to the two-dimensional result by Cohn-Vossen [CV35] , who studied the Gauss-Bonnet integral for a noncompact complete surface M 2 with analytic metric, and showed that if the manifold has finite total Gaussian curvature, then
where χ(M) is the Euler characteristic of M. Later, Huber [Hub57] and Hartman [PH64] extended this inequality to metrics with much weaker regularity. Huber also proved that such a surface M 2 is conformally equivalent to a closed surface with finitely many points removed. The difference of the two sides in inequality (1.5) encodes the asymptotic behavior of the manifold at its ends. The precise geometric interpretation has been given by Finn [Fin65] as follows. Suppose a noncompact complete surface has absolutely integrable Gaussian curvature. Then one may represent each end conformally as R 2 \ K for some compact set K. Define the asymptotic isoperimetric constant of the j-th end to be
where B(0, r) is the Euclidean ball centered at origin with radius r, L is the length of the boundary, and A is the area of the domain. Then
where N is the number of ends on M. This result tells us that the condition of finite total Gaussian curvature has rigid geometric and analytical consequences.
The results of Chang, Qing and Yang (1.3), (1.4) are higher dimensional counterparts of (1.5), (1.6). Moreover, in [CQY00b] , they also generalized these results to locally conformally flat manifolds with certain curvature conditions and obtained the conformal compactification of such manifolds.
In this paper, we aim to continue the study of the integral of Qcurvature over complete locally conformally flat manifold. For a closed locally conformally flat 4-manifold, (1.1) yields
For a complete locally conformally flat 4-manifold, the asymptotic behavior near the end is important. In the main result of this paper, we give sufficient conditions to control the asymptotic behavior of the ends, and thus control the integral of Q-curvature.
Theorem 1.1. Let (M 4 , g) be a complete locally conformally flat manifold with finite total Q-curvature and finite number of conformally flat simple ends. Suppose on each end the metric is normal, or the scalar curvature is nonnegative at infinity. If M 4 is immersed in R 5 with (1.7)
with L being the second fundamental form, then
We refer to Definition 1.2 for the definition of normal metric, and referr to Definition 1.3 for the definition of conformally flat simple end. Theorem 1.1 is the higher dimensional analog of what is known for the Gaussian curvature on surfaces, which was proved by ChernOsserman [CO67] for minimal surfaces; and was proved by White [Whi87] for general surfaces. Definition 1.2. The metric is normal on an end E j of a locally conformally flat manifold if (E j , g) = (R 4 \ B, e 2w |dx| 2 ) and
where B is a ball with respect to the Euclidean metric.
We remark that the existence of normal metric is a necessary assumption in this theorem. Without such an assumption, there may exist quadratic functions in the kernel of the bi-Laplacian operator ∆ 2 (with respect to the flat metric) for which (1.3) fails. Note that the assumption of positive scalar curvature at infinity would imply that the metric is normal in dimension 4 (see for example Proposition 1.12 in [CQY00b] ), therefore for the purposes of this theorem, it can be replaced the condition of a normal metric.
We adopt the definition from [CQY00b] of manifolds with conformally flat simple ends.
) is a complete manifold such that
where (N n , g) is a compact manifold with boundary
and each E j is a conformally flat simple end of M n ; that is
Here B is a ball with respect to the Euclidean metric.
Remark 1.4. Note that the model case of the manifold described in Theorem 1.1 is a cone. However it should be clear that Q g e 4w could be very close to the distribution:
where δ k denotes the Dirac mass centered at point x = (k, 0, ..., 0). Therefore, we cannot expect the metric to be close to a cone metric outside any compact set. Nor can we expect that the Ricci curvature of the manifold is bounded. Thus the method by estimating Ricci curvature lower bound cannot be applied here. Theorem 1.1 is not restricted to 4-dimension. But it is technically more complicated in higher dimensions. Theorem 1.5. Let (M n , g) be an even dimensional locally conformally flat complete manifold with finite total Q-curvature and finitely many conformally flat simple ends. Suppose that on each end, the metric is normal. If M n is immersed in R n+1 with (1.10)
is the integral of the Q-curvature on the standard n-hemisphere S n + . Definition 1.6. The metric is normal on an end E j ⊂ M n of a locally conformally flat manifold M n if (E j , g) = (R n \ B, e 2w |dx| 2 ) and
. The dimensional constant c n defined in Theorem 1.5 is also the constant that appears in the fundamental solution equation (−∆) n/2 log 1 |x| = c n δ 0 (x).
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2. On the integral of divergence terms.
In the following lemma, we show that the integral of ∆ g R g vanishes, assuming that there exists a cut-off function η ρ with its Hessian estimates. However, the existence of such a cut-off function is in general not true, since we do not have Ricci curvature lower bound. Later, in order to remove this assumption, we will adopt an argument making full use of the special structure of conformally flat ends.
We start with the following general result Lemma 2.1. Let M be a 4-dimensional Riemannian manifold. Assume that the Q-curvature is absolutely integrable; the second fundamental form L is in L 4 (M); and the metric is normal on each end E j . For a fixed point p, assume also that there exists a smooth cut-off function η ρ which is supported on the geodesic ball B g (p, 2ρ); it is equal to 1 on
Proof of Lemma 2.1. Since the Q-curvature is absolutely integrable, so is ∆ g R. By using the smooth cut-off function η ρ , we have
Let us assume for the moment that M only has one end, and that the end is conformally flat, given by E 1 = (R 4 \ K, e 2w |dx| 2 ). By the Gauss equation, |R g | ≤ 2|L|
2 . Thus the above quantity is bounded by
Here the volume is with respect to the metric g. By the previous result in [Wan12] , if the metric is normal, and the Q-curvature is absolutely integrable, then there is a quasiconformal mapping at infinity on each end, and thus V ol g (B g (p, r)) ≤ Cr 4 . Therefore we have the volume growth estimate
Then by the L 4 -integrability assumption of the second fundamental form, the limit tends to 0.
If M has multiple ends, then
On each E j , we can apply the above argument to obtain that
As a direct corollary of Theorem 1.5 in [Wan12] , on each end E j , we have
Therefore, by the L 4 -integrability assumption of the second fundamental form, the limit tends to 0.
As we mentioned earlier, on a locally conformally flat manifold with finite total Q-curvature, there is no Ricci curvature lower bound. Therefore, we do not have the existence of cut-off functions with Hessian bound as described in the previous lemma. In order to overcome this difficulty, we will make use of the conformal structure to obtain a different exhaustion of the manifold.
Lemma 2.2. Let M be the 4-dimensional manifold defined in Theorem 1.1. Suppose the Q-curvature is absolutely integrable, the second fundamental form L is in L 4 (M), and the metric is normal on each end.
Proof of Lemma 2.2. Let B 0 (0, ρ) be the ball centered at the origin, with radius ρ with respect to the Euclidean metric. On the Euclidean space, there always exists a smooth cut-off function η ρ which is supported on B 0 (0, 2ρ). It is equal to 1 on B 0 (0, ρ), and its k-th derivative is of order O(1/ρ k ) over the annulus B 0 (0, 2ρ) \ B 0 (0, ρ). Again since the Q-curvature is absolutely integrable, so is ∆ g R g .
Suppose M 4 has one end E 1 first. Let
Here the last equality is because all boundary terms in the integration by parts formula vanish, and ∆ g η ρ = 0 on the complement of B 0 (0, 2ρ)\ B 0 (0, ρ). Using
we have
The first term I can be bounded by the L 4 -norm of the second fundamental form.
|I| ≤C(
as ρ tends to ∞.
We will now study II through the asymptotic behavior of the derivatives of w. We notice that the pointwise estimate of ∂ i w is not valid. But since we are taking the integral over the annulus (with respect to the Euclidean metric), it can be reduced to the integral estimate of ∂ i w over spheres at the end of the manifold.
(2.8)
Notice that
Q(y)e 4w(y) dy.
(2.9)
Since for any y ∈ R 4 , we have
(2.10)
Plugging this into (2.9), and using the fact that R 4 Q(y)e 4w(y) dy < ∞, we obtain
(2.11) Therefore,
|II| ≤C(
as ρ tends to ∞. To conclude,
(2.13)
In general, M has finitely many simple ends
We define η ρ to be equal to 1 on N, η ρ = 1 on E j ∩ B 0 (0, ρ), η ρ = 0 on E j \ B 0 (0, 2ρ), and its k-th derivative is of order O(1/ρ k ) on the annulus B 0 (0, 2ρ) \ B 0 (0, ρ). Then (2.5) becomes
(2.14)
We now use the argument for manifold with only one end to show that on each end
This completes the proof of the lemma.
3. Proof of Theorem 1.1
We begin this section with a lemma asserting that there exists a sequence of domains such that the integral of the second fundamental form over the boundary tends to zero. This lemma is analogous to the lemma in [Whi87, §2] . But unlike the 2-dimensional case, we do not have estimate of the area of the geodesic spheres. We circumvent this difficulty by exploring the conformal structure at the end.
Lemma 3.1. Assume that M n is an n-dimensional complete Riemannian manifold immersed in R n+1 with finitely many conformally flat simple ends and
Then on each end E j there exists a sequence r i → ∞, such that
where B 0 (0, r i ) denotes the ball of radius r i with respect to the Euclidean distance; dσ g denotes the area form on ∂B 0 (0, r i ) using the metric g.
Remark 3.2. Note that we do not need to assume the metric is normal in Lemma 3.1.
Proof of Lemma 3.1. On the end E j = R n \ B,
where dσ 0 denotes the area form of ∂B 0 (0, r) with respect to the Euclidean metric. dσ g = e (n−1)w dσ 0 . Thus |L| n e nw dσ 0 .
On the j-th end, let r 0 being the smallest number such that B ⊂ B 0 (0, r 0 ). We now integrate r between [r 0 , +∞),
(3.3)
Therefore, there exists a sequence {r i } → ∞ such that
because if not, the left hand side of (3.3) is not integrable.
Lemma 3.3. Let M be the manifold defined in the previous lemma.
Let n be the Gauss map M → S n . Assume that
for some integer m, where |S n | is the volume of the unit sphere.
Proof. Fix an integer j. By Lemma 3.1, on the j-th end E j = R n \ B, there exists a sequence of Euclidean balls B 0 (0, r
For this fixed j, the image of ∂B 0 (0, r j i ) under the Gauss map is a set of closed (n − 1)−dimensional submanifolds. Notice that the second fundamental form L can be regarded as the differntial of the Gauss map. Thus by change of variable under the Gauss map,
where for each fixed j, ǫ j i → 0 as i → ∞ is a sequence of positive numbers. Here the area is measured by the standard metric of S n . By the isoperimetric inequality of S n , there exist disks D 
We recall that
where (N n , g) is a compact manifold with boundary, and each E j is a conformally flat simple end of M n ; that is
Without loss of generality, we assume that r j i is big enough such that
(3.7)
Here we denote the standard volume form on S n by ω. 
This finishes the proof that (3.10)
Proof of Theorem 1.1. By computing A g = 1 2
(Ric − R 6 g) using the Gauss equation, we observe that
on four dimensional immersed manifold M ֒→ R 5 . Now we recall the definition of Q-curvature on four manifold
where E is the traceless part of the Ricci curvature. Thus Q-curvature differs from σ 2 of Schouten tensor by a divergence term. By Lemma 2.2, the integral of the Laplacian of the scalar curvature R g vanishes if Q-curvature is totally integrable. Therefore,
By Lemma 3.3, this is equal to
Remark 3.4. In the above proof, we have proved that
is an integral multiple of 4π 2 .
Proof of Theorem 1.5
The theorem is also valid for all even dimensional locally conformally flat manifolds with simple ends, if the metric on each end is normal. We begin by the following lemma, which seems to be well-known.
Proof. For higher dimension, the relation between det(d n) and the Pfaffian of a Riemannian curvature Pffaf(Ω) is given by the following formula: suppose {e i , 1 ≤ i ≤ n} is a locally orthogonal frame whose coframe field is {θ i , 1 ≤ i ≤ n}, the curvature form
Ω can be denoted by (4.2) Ω = Kdσ,
We note that (4.4)
, and the fact that δ
The integration of Pfaff(Ω) or K appears in the Gauss-Bonnet-Chern theorem:
Next we prove an analogous result of Lemma 2.2. However, due to the complexity of higher dimensions, the proof is more complicated, and the conformally flat structure is used in an essential way.
Lemma 4.2. Suppose M n satisfies the assumptions in Theorem 1.5. T i is an intrinsic vector field of weight (1) (−n + 1) on M n . Then
Proof. By a classical result which is essentially due to Weyl [Wey39] , an intrinsic vector field T i (g) is a linear combination
which each C q,i (g) is a partial contraction with one free index i that takes the form
with a t=1 (m t + 2) = n − 1. We simplify notations to write it in the following form:
The main idea of the following proof is to factor out a curvature term |Rm| n/2 dv g , which can be controlled by C |L| n dv g (see (4.12)), and then to estimate the curvature derivative terms in terms of the conformal factor w. We begin with the following formula of integration by parts.
where (η ρ ) i , which is defined in the proof of Lemma 2.2, is supported on B 0 (2ρ) \ B 0 (ρ). On each end, we consider the term (4.9)
Using integration by parts, we obtain a term R ijkl without any derivative in the contraction. If there is already such a term in the contraction, then we skip this step. Then (4.9) is equal to
(4.10)
We use pcontr i 1 j 1 k 1 l 1 to denote the partial contraction with four free indices i 1 , j 1 , k 1 , l 1 . By the conformal change g = e 2w |dx| 2 and the Hölder's inequality, (4.10) is bounded by
(4.12)
as ρ → ∞, we reduce the problem to show that
(4.13)
We use g = e 2w |dx| 2 to write the integrand (4.14)
in coordinate derivatives of w.
Note that under the flat coordinate system, we have
and we have 
Similarly, Notice that in the integrand of (4.13), some of the derivatives in ∇ (m 1 ) fall on ∇ (m 2 ) Rm⊗· · ·⊗∇ (ma) Rm, and others fall on (η ρ ) i . Denote the number of derivatives fall on (η ρ ) i by n 1 ≥ 0. By the definition of
. It is not hard to see that the integrand of (4.14) is bounded by a finite linear combination of partial contractions of coordinate derivatives of w:
where the multi-index derivative is with respect to the Euclidean metric, defined by
The indices α 1 , ..., α p satisfy
where the norm of a multi-index α k is defined by |α
note that any powers of e w are cancelled in the process of the partial contraction. And (n 1 + 1) · n n − 2 ≥ n n − 2 .
To prove the estimate (4.13), we will show that for each j = 1, ..., N, n 1 = 0, · · · , m 1 , and multi-index α, if
In order to prove (4.18), we claim that for α 1 ,..., α p satisfying
there exists q 1 , ..., q p , such that (1) q 1 > 1, ..., q p > 1, for k = 1, ..., p;
Let us first apply the Claim to prove Lemma 4.2. Using the above Claim, we have 1 ρ
where a = n 1 + 1 ≥ 1. By definition of normal metric,
where
Since R n \B |Q g (y)|e nw(y) dy < ∞, this is bounded by
Therefore,
(4.23)
. Then by using the homogeneity of the integral, we have
Plugging the above inequality into (4.23), we obtain )!. By a classical result which is essentially due to Weyl [Wey39] , an intrinsic vector field T i (g) is a linear combination
Each C q,i (g) is a partial contraction with one free index that takes the form 
